The physical information encoded in the cosmological late-time wavefunction of the universe is tied to its singularity structure and its behaviour as such singularities are approached. One important singularity is identified by the vanishing of the total energy, where the wavefunction reduces to the physics of scattering in flat space. In this paper, we discuss the behaviour of the perturbative wavefunction as its other singularities are approached and the role played by the flat-space scattering, in the simplified context of the class of toy models admitting a first principle definition in terms of cosmological polytopes. The problems then translates into the analysis of the structure of its facets, one of which -the scattering facet -beautifully encodes the flat-space S-matrix. We show that all the boundaries of the cosmological polytope encode information about the flat-space physics. In particular, a subset of its facets turns out to have a similar structure as the scattering facet, with the vertices which can be grouped together to form lower dimensional scattering facets. The other facets admit one (and only one) triangulation in terms of products of lower dimensional scattering facets. As a consequence, the whole perturbative wavefunction can be represented as a sum of product of flat-space scattering amplitudes. Finally, we turn the table around and ask whether the knowledge of the flat-space scattering amplitudes suffices to reconstruct the wavefunction of the universe. We show that, at least for our class of toy models, this is indeed the case at tree level if we are also provided with a subset of symmetries that the wavefunction ought to satisfy. Once the tree cosmological polytopes are reconstructed, the loop ones can be obtained as a particular projection of them.
Introduction
Most of the progress in understanding observables in fundamental physics have been carried out in asymptotically flat and AdS space-times, where the relevant quantum mechanical observables are well defined. In order to be able to make precise quantum mechanical predictions, it is necessary to go to the boundary of the space-times where it is possible to perform measurements with an infinitely large apparatus and infinitely many times: on the time-like boundary of AdS, one can thus define correlation functions, while in asymptotically flat space-times the correct observable is the S-matrix.
However, our universe in neither AdS nor asymptotically flat, but rather cosmological: the universe is in a phase of accelerated expansion and this, by itself, prevents the definition of a quantum mechanical observable, being impossible to have a distinction between an infinitely large measuring apparatus and the system which gets measured. Assuming that the universe opens up to become infinitely large (and invariant under space translations) at sufficiently late times 1 , we can perform measurements at fixed time and compute spatial averages. Thus, in such an approximation, the correct quantum mechanical observables are the late-time spatial correlators, or the wavefunction of the universe generating them.
Not much is known, not even in perturbation theory, about the general properties that these cosmological observables ought to satisfy. In particular, given a certain wavefunction of the universe, which is just a function of data at present time, we still do not know what is the imprint of an underlying consistent cosmological time evolution. In order to address this class of issues, it is of fundamental importance to gain a deeper understanding of the analytic structure of the cosmological observables. Spatial translation invariance implies spatial momentum conservation, while there is no energy conservation due to the fact that these observables are computed at fixed time. Importantly, this fact translates into an interesting feature of the cosmological observables: the sum of the energies of the external states appears as a singularity, which can be reached only after analytic continuation. At this point in energy space, energy conservation is restored as well as the full Lorentz invariance, and the wavefunction reduces to the (high-energy limit of) the flat-space scattering amplitude 2 [3] . The existence of such a straightforward relation between the wavefunction of the universe and the flat-space scattering amplitude is already quite remarkable: the vacuum wavefunction knows about a dynamical problem such as particle scattering. However, the physical interpretation of the other singularities is not quite clear yet.
Some important first steps in understanding cosmological observables as just function of the boundary data has been carried out for the wavefunction of the universe in a class of toy models of scalars with polynomial interactions in FRW cosmologies 3 [6] , and inflationary correlators [7] . While in the second case, it was shown how singularities and symmetries uniquely fix the correlators 4 , in the first one a new representation of the wavefunction was proposed in terms of cosmological polytopes. These are combinatorial objects with their own first principle definition which encode the singularity structure that we can ascribe to the perturbative wavefunction: their boundaries are lower dimensional polytopes and correspond to the residues of the poles in the wavefunction. There is one special boundary, the scattering facet, which is related to the total energy pole E tot . Notably, its vertex structure beautifully encodes the cutting rules for flat-space scattering amplitudes, while Lorentz invariance is manifest in its dual.
What about the residues of the other poles of the wavefunction of the universe? Which physical information do they encode? From the cosmological polytope perspective, these questions translate into questions about the structure of the other facets. A direct inspection shows that they encode the factorisation of the wavefunction into a lower point wavefunction and a lower point scattering amplitude: these boundaries are reached as the sum of the energies related to a certain subgraph vanishes so that the local energy conservation is restored which a lower point scattering amplitude correspond to. In this paper we explore more in detail the physical information encoded in these facets. Interestingly, there always exist a number of facets which are isomorphic to the scattering facets and, together with the latter, cover the full cosmological polytope. Even more strikingly, the other facets -which are no longer simplices -admit a triangulation such that the canonical form of each simplex is the product of Lorentz-like propagators and, thus, the canonical form of such a facet has a representation as the sum of products of flat-space scattering amplitudes. In other words, all the physical information of the wavefunction of the universe, which is encoded into the residues if its poles, can be recast in terms of flat-space processes. This is both surprising and remarkable, and immediately brings another question: if all the residues of the poles of the wavefunction of the universe can be understood in terms of flat-space scattering amplitudes, would it be possible to reconstruct the wavefunction of the universe from such flat-space processes? In this paper, we face this question as well, and the answer is indeed positive: if we were given a flat space process and a subset of symmetries that the wavefunction ought to satisfy, then we could reconstruct the wavefunction of the universe itself. This indeed true for the class of models the cosmological polytope provide a complete description of.
The paper is organised as follows. In Section 2 we review the salient features of the cosmological polytope and its relation to the wavefunction of the universe. We also point out (Section 2.1) how a simple projection of the cosmological polytope describing an L-loop wavefunction, returns a new cosmological polytope which now describes an (L + 1)-loop wavefunction. Section 3 is devoted to the analysis of all the facets other than the scattering one. Here we show explicitly how there are certain facets are isomorphic to the scattering facets, and thus their canonical form is just the product of Lorentz-like propagators, as well as how the other facets can be triangulated so to decompose their canonical form into sum of products of Lorentz-like propagators. In Section 4 we turn the table around, and starting from the knowledge of a certain scattering amplitude and some symmetries of the wavefunction, we can reconstruct the wavefunction. Section 5 contains our conclusion and outlook, while the appendices contained a more analytic (rather than combinatorial and geometrical) look at both the map between wavefunctions at different orders in perturbation theory (Appendix A), and the relation between the residues of the poles in the wavefunction and the flat-space scattering amplitudes (Appendix B).
The wavefunction of the universe and the cosmological polytopes
Let us consider the toy model of scalars in flat space-time with time-dependent polynomial interactions, which contains conformally-coupled scalars with non-conformal polynomial in-teractions in FRW cosmologies [6] 
with the time-dependent coupling constant which can be conveniently treated in Fourier space:
When the wavefunction ψ is computed perturbatively, each Feynman diagram is a function of sum
as well as of the internal energies y ij associated to the edges between two vertices v i and v j 5 . However, considering the couplings in Fourier space, we will focus on the (contribution of the) integrand Ψ G (x, y) of the wavefunction from a given graph G, which depends on the coupling energy ε (it can be absorbed in the definition of x) and which at the very end needs to be integrated. It was shown in [6] that these graphs are related to a certain cosmological polytope, which is defined from first principle as follows. Let us consider the space of n e triangles i identified through their midpoints (x i , y i , x i ) or, equivalently, via their vertices
Such triangles are endowed with the following property: they can be intersected along two of their three edges in their midpoints. This property defines the class of polytopes called cosmological polytopes as the convex hull of the 3n e vertices of the n e triangles which are intersected. Such a construction not only mathematically defines a new class of polytopes, but also has the imprint of the space-time causal structure: the two intersectable edges of the triangle represent the two region with a definite causal relation (past and future) between events, while the non-intersectable represents the space-like region with no fixed causal relation. These objects live in P 3ne−r−1 , where r is the number of independent midpoint identifications. There is a 1 − 1 correspondence between the cosmological polytopes and the Feynman graphs. Given a triangle i , it is possible to associate a two vertex graph, whose vertices correspond to the intersectable edges, while its edge to the non-intersectable one. Then, a cosmological polytope P G constructed by intersecting n e triangles is associated with a graph G with n e edges constructed from a collection of n e two-vertex graphs by identifying some of their vertices:
The vertices and edges of the graph get labelled by x v and y e which are respectively related to the midpoints x and y -such labels x v and y e can be identified with the energies at a vertex v and an edge e respectively. Finally, any cosmological polytope P G is endowed with a canonical form, which encodes the contribution Ψ G (x v , y e ) of the graph G to the wavefunction:
with Y = v x v X v + e y e Y e being any point of P G with X v and Y e being the vectors identifying the independent midpoints. It is characterised by logarithmic singularities on all the faces of P G , so that once any of these poles is reached, it reduces to a lower dimensional canonical form which identifies a lower dimensional polytope.
From trees to loops
Given n e triangles i , we can intersect them to generate a number of cosmological polytopes, which corresponds to graph at different order in perturbation theory and with different number of vertices. Interestingly, a cosmological polytope P G ∈ P 3ne−r−1 generated by imposing r > 1 independent identifications of the midpoints and such that r − n e > 0, can be generated from another cosmological polytope obtained by intersecting the very same n e triangles but imposingr < r constraints -thus, the latter lives in higher dimensions -by allowing for further r −r intersections. This somewhat trivial statement, has an interesting implication. A cosmological polytope living in P 3ne−r−1 is associated to an L-loop graph G with n e edges and n v = 2n e − r = n e + 1 − L vertices. Thus, the number of loops L of the associated graph G, is determined by the number of independent midpoint identifications to be L = 1 + r − n e . Hence, constructing a cosmological polytope in P 3ne−r−1 from another one in higher dimensions P 3ne−r−1 (r < r) translates at graph level into obtaining a higher loop
Figure 1: Loops from trees. The projection of the double square pyramid related to the tree-level three-site graph, which is generated by intersecting two triangles on a midpoint in one of their intersectable edges, through a cone with origin in O ≡ x 2 − x 1 maps it into the truncated tetrahedron, which encodes the one-loop two site graph.
graph starting from a lower point one. In other words, a cosmological polytope encodes the information about a certain class of lower dimensional cosmological polytopes, and, consequently, allows to extract a contribution to the (L + 1)-loop wavefunction from a contribution to the wavefunction with one loop less. Formally, this operation is just a projection. Given a cosmological polytope P G , let x i and x j be the midpoints of two intersectable edges of two distinct triangles i and j generating P G . A cosmological polytope P G living in a one dimension less, can be obtained by projecting P through a cone with origin in x i − x j .
A nearly visualisable example is obtained by consider n e = 2 triangles (see Figure 1) . A single identification of two midpoints belonging to different triangles, generates the double squared pyramid in P 4 which encodes the contribution to the wavefunction given by tree-level three-site line graph. Such a cosmological polytope is identified by six vertices {x j − y j + x , x j + y j − x , −x j + y j + x } (j = 1, 2). Let us now consider the point O ≡ x 2 − x 1 and project P G through the cone with origin in O. The result is now a polytope P G ∈ P 3 identified by, again, six vertices {x − y j + x , x + y j − x , −x + y j + x } (j = 1, 2), where x ≡ x 1 ≡ x 2 : P G is nothing but the cosmological polytope encoding the one-loop two-site graph. It is clear that, when P G is projected through the cone with origin in O, the two free midpoints of the generating triangles get identified and this is how the cosmological polytope related to the one-loop two-site graph is generated. It is really striking how the cosmological polytopes related to graphs at a certain order in perturbation theory, really encode polytopes related to lower-order graphs! As described, this projection is applied choosing the origin of the cone at O ≡ x i − x j , with x i and x j being midpoints of edges belonging to different triangles. However, we can also choose the origin O of the projective cone taking x i and x j to be the midpoints of the two intersectable edges of the same triangle. It is straightforward to see that the resulting cosmological polytope is related to tadpole-like graphs 6 .
Facets of the cosmological polytopes
Much of the physical information of the wavefunction of the universe is encoded in the boundaries of the cosmological polytopes. There is one particular facet, the scattering facet, which has been studied in detail [17] : it encodes all the properties of the flat-space scattering amplitude, and, on it, Lorentz invariance and unitarity emerge beautifully. What about the other facets? In principle, a first look at the vertex structure suggests that, at any boundary other than the scattering facet, the wavefunction of the universe factorises into a product of a lower-point wavefunction and a lower-point amplitude.
The facets can be easily identified as the collection V F of vertices V I a (a = 1, . . . , 3n e ) of P G such that, for a certain hyperplane W I =x vXvI +ỹ eỸeI , W I V I a = 0 while W I V I a > 0 for any V I a which does not belong to V F , compatibly with the constraints on the midpoints of the generating triangles. Graphically, it is convenient to keep track of the vertices which do not belong to a given hyperplane W by associating a marking to the relevant graph:
Given a graph G and a certain subgraph g, it is easy to check that the hyperplane identifying a facet is given by W = v∈gx vXv + e∈E ext gỹ eỸe , E ext g being the set of edges external to g. If G = g, then all the edges are marked in their middle and the hyperplane identifying this facet is given by W = vx vXv , i.e. it is the scattering facet. For more general facets, we have
We can equivalently indicate the vertices belonging to the facet by marking them with a circle
The subgraph g corresponds to v∈g x v + e∈E ext g y e −→ 0, with the vertices identifying a lower-dimensional scattering facet. The vertices are related to a facet of a smaller wavefunction. Hence, the canonical form for this facet is given by
Similarly, we can consider any type of subgraph, and the vertex structure of the related facet will always be a product of a scattering facet timesñ e facets of smaller wavefunctions,ñ e being the number of edges connecting g to disconnected subgraphs:
with the canonical form of such facets becoming
However, this is not the end of the story. First of all, it has to be noticed that there is a number of facets which are isomorphic to the scattering facet: each of them corresponds to a subgraph whose external edges connect it to subgraphs made out by a single vertex only. They have 2n e = n e + n v − 1 + L vertices, where n e , n v and L indicated the number of edges, vertices and loops of the graph associated to the cosmological polytope. As the scattering facet, they have L vertices more than a simplex -they are a simplex just for L = 0 (tree level). We are going to discuss the facets other than the scattering facet for the cosmological polytopes at tree and loop level separately.
Facets of the tree cosmological polytopes
Let us begin with considering the structure of those facets in the L = 0 case with 2n e vertices.
Being each of them a simplex, any of their facets is a simplex as well.
For the sake of concreteness, let us consider the facet identified by the subgraph g as in the figure here on the left. In general, the canonical form associated to a polytope living in P N −1 can be represented as a contour integral [18] 
where ν is the number of vertices V of the polytope, and ∼ indicates the suppression of numerical factors which are irrelevant for the present discussion. The facet related to codimension-1 subgraphs such as g, admits such a representation, with ν = 2n e = n e + n v − 1 and N = n e + n e − 1, and the integral (3.3) gets localised -as already mentioned, these facets are simplices. For each edge of the graph, the facet related to g has two vertices: for all edges but one, they correspond to open circle markings on either of the ends, while for the remaining one -which is external with respect to g -they are related to one of its ends and to its middle.
The solutions for each c j is given by the hyperplane which does not contain the vertex V (j) associated to it. Graphically, one can mark such a vertex with a red cross. For all the edges where these vertex can be related to either ends, then the two hyperplanes ω fixing the relevant c j 's are given by the facet identified by the two markings are related to subgraphs g and g :
e andē being the edge marked by the red cross and the one external to g. Notice that both (3.4) live on the facet identified by yē + v∈g x v = 0, where they can be written in the Lorentz
Let us now discuss the solutions for the c j 's related to the edgeē which is external to g. One of the relevant c j is identified by marking the edge in its end closer to the outer vertex xv (xv = x 4 in the picture) and it is determined by the hyperplane associated to the subgraph g enclosing just such a vertex. The hyperplane fixing the other c j is instead related to the graph g = G. Hence
which on the facet yē + v∈g x v = 0 together form -up to a sign -the Lorentz invariant propagator y 2 e − x 2 v ! Putting all these contributions together, the canonical form associated to these facets can be written as a (minus) flat-space scattering amplitude! Explicitly:
In other words, the canonical form of all these facets encode the Lorentz invariant flat-space amplitude associated to the graph G! Let us now consider the facet associated to the subgraph g characterised by the maximum number of external edges connecting g to subgraphs made out of single vertices only
g Following exactly the procedure described above, the c j 's related to the vertices which are marked to either ends of a given edge are given by:
being the set of edges which are simultaneously external to the pairs (g, g ) and (g, g ) respectively. Notice that the set of edges which are external to g is given by
as well as the set of vertices in g is the union of the sets of vertices of g and g . Thus, the condition identifying the facet, allows to recast these two linear contributions as a single Lorentz invariant propagator
. When instead we consider the vertices related to edges external to g, then
which, because of the condition identifying the facet, can be group together in the form −(y 2 e − x 2 v ). Hence, the canonical form of the facet is given by
where Aē is the flat-space amplitude related the edgeē external to g, while A[g] and A[G] are the flat-space amplitude related to the subgraphs g and G respectively. It is really striking how these subset of facets turn out to encode Lorentz invariance as the scattering facet! This precisely characterises the statement that these facets are isomorphic to the scattering facet. Interestingly, all the faces of the facets we have just analysed, which differ by a vertex related to the same edge e of the graph, produces contributions ω · Y which differ by the sign of the energy y e related to the edge e.
Finally, let us discuss the facets related to higher codimension subgraphs. In this case the facets are no longer simplices, and the facets with the highest number of vertices correspond to the subgraph encircling one of the most outer vertices (ν = 3n e −1) -the facets corresponding to subgraphs made out of a single internal vertex have ν = 3n e − nẽ vertices (nẽ is the number of edges departing from such a subgraph). Without loss of generality, let us consider the highest codimension subgraph.
In the contour integral representation, the delta-functions do not fully localise the integration -this facet is not a simplex -and the remaining integrations can be performed by closing the integration contour in either the upper-half (UHP) or the lowerhalf plane (LHP) of each c j chosen as left free. Indeed, there is certain freedom in choosing such c j 's. However, irrespectively of such a choice, all the possible combinations of the various contours, return different triangulations of the facet. Among all the possible triangulations, there is a special class of particular interest for us: it is characterised by having all its simplices with two vertices for each edge. Importantly, the contour integral representation allows to identify those vertices which are common to all the simplices: they are given by the vertices related to the external end of the outer edges (the related c j 's do not depend on the ones chosen as independent and, thus, they are fixed once for all) and by those ones which identify a subgraph and whose c j 's depend on a subset of the independent ones. This latter class of vertices turn out to be related to the end of each internal edge further away from the excluded vertex identifying the facet. Let us graphically indicate all those vertices with a red open circle . Then, the simplices providing this triangulation can be identified by all those possible markings with two vertices for each edge (they are 2 ne−1 ), such that the vertices are always included. It is important to stress that for the tree-level graphs a triangulation with these features, is unique.
For each of the simplices of this triangulation, we can perform the very same analysis of their faces carried out for the other facets. Given one of these simplices, it is again straightforward to see that the contributions coming from two faces which differ of a vertex related to the same edge e, will differ for just a sign of the energy y e of e: they thus group together to form a Lorentz-invariant propagator and this class of facets can be expressed as a sum of products of Lorentz invariant propagators! However, there is a further feature. All the simplices of the triangulation we are considering differ from simplices which describe other facets of the cosmological polytope by a vertex on the same edge of the graph: the two canonical forms are then the same up to a sign! Summarising, all the facets of the cosmological polytope P G know about flat-space scattering processes: while the facets which have 2n e vertices are all isomorphic to the scattering facet and, thus, their canonical form returns, up to a sign, the contribution A G to the scattering amplitude, the ones with an higher number of vertices have one (and only one) triangulation whose terms have a canonical form which is a product of Lorentz invariant propagators (which are organised as products of lower point amplitudes) and thus the canonical form of the full facet can be expressed as sum of products of flat-space scattering amplitudes.
Facets of the loop cosmological polytopes
We can proceed for the facets of the loop cosmological polytope along the same lines, together with the argument used in [17] to prove the emergence of Lorentz invariance on the scattering amplitude facet.
Let us start with those facets identified by a subgraph g containing all the vertices of the graph G and crossing one of the edges twice. Such facets live in P ne+nv−2 and have ν = 2n e −1 ≡ n e + n v − 2 + L vertices. In the contour integral representation (3.3), the delta functions localise all the c j 's but L − 1. As usual, we have the freedom to choose which of the c j 's are kept free, identifying those hyperplanes which the vertices attached to the free c j 's do not belong to. Then, a given c j is determined in terms of the hyperplane ω which also do not contain the vertex associated to it and it is a linear function of the free variables. Interestingly, the variable related to the vertex in the middle of the edge e crossed twice by the line that identifies the subgraph g (in the graph above is indicated with the red open circle) is the only one which is determined by the hyperplane which do not contain any of the three vertices associated to the edge e and turns out not to depend on any of the free variables. Furthermore, the vertex structure included into g identifies an (L − 1)-loop scattering facet, and thus, the canonical form is given by
e being the edge marked by the red open circle -this can be seen explicitly by realising that the solutions of the delta functions for the other variables are determined in terms of subgraphs identified by the excluded vertices and that, after having localised the delta-function, the denominators can be grouped together to form a product of Lorentz invariant propagators, with the free L − 1 c j which can be interpreted as l 0 integrations.
Another class of facets of particular interests are the ones identified by a subgraph g with all but one sites of the graph G and with two edges being external. The facet related to this graph has exactly 2n e = n e + n v − 1 + L vertices, as the scattering amplitude facet. A subset of the vertices of such facets, that in the picture on the left have been with open circles clearly identify the structure of a lower dimensional scattering facet. Considering the contour integral representation for canonical forms of this type of facets, as for the scattering facet, the delta-functions localise n e + n v − 1 integration leaving exactly L free integration. Of the L free c j , it is convenient to choose L − 1 of them related to g and one external to it. Said more geometrically, we choose those hyperplanes which do not include L − 1 vertices identified by g and one related to one of the edges external to it. Notably, the denominators depending on the L − 1 variables related to the vertices in the lower-dimensional facet identified by the subgraph g do not depend on the other free variableĉ related to one of the edges external to g, and vice versa, the denominators depending onĉ do not depend on the other free variables. Hence, the canonical form of the full facet decouples into two sets of separate integrals:
where the first line is related to the subgraph external to g, the second line represents the subgraph g itself, the y's are linear combinations of x's and y's determined by higher codimension subgraphs, and σ r are suitable signs. Importantly, both expressions could be recast into manifestly Lorentz invariant form, with the Feynman iε prescription dictated by the canonical prescription for the canonical form, as it happens in the scattering amplitude facet. While the second line is clearly the amplitude A[g] associated to the subgraph g as expected -the facet we are analysing is identified by the condition which restores energy conservation for the subgraph g -, the first line is isomorphic to a one-loop scattering facet. The contour integral expression (3.11) for the canonical form of this class of faces makes both its Lorenz invariance and its factorisation in two lower point amplitude manifest.
A similar discussion holds for higher codimension facets: the way the delta functions localise some of the integrations makes again the factorisation manifest, while for Lorentz invariance one would have to resort to specific triangulations, as for the higher codimensions faces at tree level discussed in Section 3.1.
Combinatorial automorphisms
The analysis carried out in the previous subsections showed that there exists a subset of facets which are isomorphic to each other, i.e. they have the same number of vertices and their canonical forms are the same (up to a sign): these facets can thus be mapped into each other. We can ask now how such a mapping can be defined and whether it can be part of a symmetry group of the full cosmological polytope. More generally, we look at the group of combinatorial automorphisms of a given cosmological polytopes, i.e. the symmetry group preserving its face lattice 7 .
Let us start with considering the triangle, which is the building block for constructing the cosmological polytopes and it encodes the contribution of the two-site graph to the wavefunction of the universe. Its face lattice is a cube and the group of the combinatorial automorphism is given by the transposition of two vertices where the numbers on the graph represent the vertices as related to the marking indicating them. The group of the combinatorial automorphism of a triangle is actually two-dimensional, and its generators are given by two of the three transpositions above. Indeed, such transpositions can be seen as linear transformations in energy space, with two of the energies (x i , y i , x i ) exchange while the third one is kept fixed. Given the combinatorial automorphisms of a triangle, it is possible to find the group of combinatorial automorphisms of any cosmological polytope generated by intersecting n e triangles as induced by the latter: the intersections among triangles impose relations among vertices and such relations must be preserved. For a generic tree graph, then and most of the transpositions of the vertices related to the internal edges are no longer allowed given that they do not leave the hyperplanes identified by the vertex relations invariant. However, the relations above make clear the vertex exchanges which do not affect the above relations. First, none of the most external vertices appear in such a relation: all the transpositions between any two of these vertices belongs to the group of combinatorial automorphisms (in the graph above, such vertices are {6, 9, 15, 18} ). Secondly, there are pairs of vertices related to the same edge (i.e. to the same generating triangle) which appear just in one of the above relations: any transposition within each of such pairs is a combinatorial automorphism -in the case of the graph above, such pairs are given by {(4, 5), (7, 8) , (13, 14) , (16, 17) }. Such pairs are again related to the most outer edges of the graph. Thus, for a generic tree graph, the group of combinatorial automorphisms involves only the vertices of the cosmological polytope related to the most outer edges of the graph. Were the graph be more symmetric, the group would contain additional symmetry given by the reflection of the vertices with respect the axis of symmetry -in the simple case of the four-site line graph, together with the transpositions 2 ←→ 9 and {(1 ←→ 3), (7 ←→ 8)}, there is a further transformation (1, 3, 5) ←→ (7, 8, 6) , with (2, 4, 9) kept frozen.
A loop graph with n e edges has a lower number of symmetries with respect with any tree graph with the same number of edges. This is just a consequence of the higher number of constraints at its vertices. In general, unless the graph is endowed with any external tree-like structure, the combinatorial automorphisms of a loop cosmological polytope reflect into reflection-like symmetries of the related graph. For the concrete example on the left, the combinatorial automorphism group is one-dimensional and its generator is given by the reflection of the polytope vertices with-respect to the axis passing by the site x 5 of the graph (3, 5, 4, 6, 23, 8, 7, 9, 11, 10 ) −→ (2, 21, 19, 20, 24, 18, 16, 17, 15, 13) , with the vertices (1, 22) are kept frozen.
As they have been discussed so far, the combinatorial automorphisms directly act on the space of vertices. However, our picture of the cosmological polytopes keeps the vertices fixed while any transformation acts on the hyperplane at infinity. It is thus convenient to translate the combinatorial automorphism group into (discrete) transformations directly on the Y space.
It is straightforward to see that, for a cosmological polytope P G related to a graph G with an external tree structure, those automorphisms exchanging two vertices of P related to any of the most outer edges is just the reflection x i ←→ y i , with x i and y i being the energy of the unconstrained graph node and of the relevant edge respectively: the cosmological polytope P is the convex hull of the vertices
with some of the midpoints x i identified. Then the vertices related any of the most outer edges e i , which are just the vertices of one of the generating triangles constrained to one of its midpoints x i only, can be mapped into each other by taking x i fixed and exchanging the other two midpoints, i.e. x i ←→ y i .
As far as the other combinatorial automorphisms are concerned, above we mentioned that they corresponds to reflections along the symmetry axis of the graph: the vertices of P G along such an axis are kept frozen, while the others are exchanged with the symmetric one with respect to the axis itself. In the Y space, it corresponds to a map between the (x i , y i , x i )'s leaving the vertices along a given symmetry axis invariant.
From the scattering amplitudes to the wavefunction of the universe
The cosmological polytope encodes the flat-space S-matrix in its scattering facet identified by the hyperplane W I = v x vI . The analysis of the other facets showed how actually the canonical forms of all of them encode again the flat space scattering amplitudes -in the case of the facets corresponding to highest codimension graphs, they admit one and only one triangulation with each terms encoding products of lower point scattering amplitude. This holds both for the tree and loop cosmological polytopes.
The fact that all the facets of the cosmological polytope encode flat-space processes means that the physics encoded in the residues of the wavefunction of the universe, is nothing but the physics of flat-space scattering! By itself, this is a quite remarkable result, because there is no obvious reason for which it ought to be the case. Indeed a universal feature of our observables is the absence of energy conservation, which manifest itself in their analytic structure through the appearance of a singularity in the total energy. Performing an analytic continuation of the energies we can access the region where the total energy can vanish: in this region of energy space, the full Lorentz symmetry is restored and our observables reduce to the ordinary flat-space S-matrix. What is far less intuitive is that reaching the location of any other pole, the related residue had anything to do with the S-matrix physics at all: the wavefunctions show further structures which are absent in the S-matrix, such as poles that disappear at the point in energy space where energy conservation is restored. These poles are a specific feature of the wavefunctions, while they do not contribute to the S-matrix.
A question we can now ask is whether our wavefunction of the universe can be generated from the S-matrix. This would imply that the cosmological evolution for our class of models can be reconstructed from the flat-space information! Jumping a little bit ahead, even if true for our class of models, this will unlikely be a universal feature of all cosmological models: a prototypical example is provided by Yang-Mills theory in which the three-point allplus/minus helicity wavefunctions are non-zero, while the related flat-space S-matrix vanishes [19] . Interestingly, the all-plus/minus helicity wavefunctions in Yang-Mills do not show a singularity in the total energy, which is consistent with the vanishing of the related flat-space S-matrix. However, this observation suggests a connection between the flat-space S-matrices which are zero and the structure of the wavefunction: the existence of vanishing flat-space S-matrices corresponds to polynomial-like terms in the sum of the energies which cannot be eliminated via field redefinition.
Here we will keep focusing on our toy model and answer the question of how flat-space scattering processes determine the wavefunction.
Cosmological polytopes and the wavefunction representative
As reviewed in Section 2, given a space of n e triangles i , a cosmological polytope can be defined by intersecting them on their midpoints, imposing relations among their vertices. These triangles can be intersected along two out of their three edges, reflecting the space-time causal structure.
However, there is a further special point on which triangles can be intersected: it is the vertex which is common to the two intersectable edges. Thus, when we construct polytopes by intersecting triangles, we can also intersect them in this vertex or one can identify a midpoint of a triangle with a vertex of an other one. Notice that two triangles intersected in this way cannot be intersected in a second point only: once a triangle intersects another one in its intersectable vertex, requiring a further intersection between the two identifies an intersectable edge. When a triangle is going to be intersected in its intersectable vertex, we will identify it via the vectors {x + y − x , x , −x + y + x }, with x being the vector of the intersectable vertex, while the other two vertices identify the non-intersectable edge with midpoint y:
Some comments are now in order. Given a collection of n e triangles, there is just one polytope P A which can be generated by intersecting all of them in their intersectable vertex: it lives in P 2ne (the total number of constraints identifying the vertices is n e − 1) and it is the convex hull of the vertices
Furthermore, it has 2n e + 1 vertices: being in P 2ne , such a polytope is thus a simplex. Finally, knowing the vertices, it is straightforward to compute its canonical form using, for example, the contour integral representation (3.3):
If we identify the variables x j 's and x to the energies at the vertices v j 's and v of a certain graph and y j to the energy of the edge between v j and v , then x + 2ne j=1 x j is the total energy of the graph, while (y 2 j − x 2 j ) −1 is a Lorentz invariant propagator associated to the edges connecting the vertices v j and v -the putative graph has a star topology, with n e edges glued together at the vertex v 8 .
Notice that a polytope constructed this way is just a simplex in P 2ne built by lifting the scattering amplitude facet {x i +y i −x , −x i +y i +x } (i = 1, . . . , 2n e ) up of one dimension via the extra vertex x . Such an extra vertex induces a further pole in the canonical form, which is the total energy pole: the canonical form is nothing but the flat-space scattering amplitude 8 There is a special (a larger) class of polytopes that we can construct exploiting the intersectable vertex.
Concretely, given ne triangles, we can intersect n 
times the total energy pole, or, in other words, it is a representative 9 of the wavefunction of the universe in a neighbourhood of the total energy pole. This is a special case of a larger set of polytopes constructing by uplifting the scattering amplitude facet by adding an extra vertex corresponding of any of the special point x i . A general scattering facet is the convex hull of 2n e vertices {x i +y ij −x j , −x i +y ij +x j } in P 2ne−L−1 , with r = n e + L − 1 identifications on the vectors x's, and it is a simplex only for L = 0, as remarked previously. It is possible to consider a polytope P A as the convex hull in P 2ne−L defined by the very same vertices {x i + y ij − x j , −x i + y ij + x j } and the extra vertex x k , x k being any of the vectors parametrising the other vertices. The related canonical form can be again computed via the contour integral representation (3.3) . Notably, the integration variable associated to the vertex x k is independent of the free integration variables (irrespectively of how they are chosen), and it turns out to be proportional to the total energy. Hence, the canonical form of this polytope is just the canonical form of the scattering facet times the total energy pole:
A straightforward computation shows that the canonical form Ω[A] is independent of x k : as anticipated, it returns a representation for the scattering amplitude with x k integrated out by the energy conservation condition. For the sake of clarity, let us provide a specific example, starting with the polytope in P 3 identified by the vertices {x i + y i,i+1 − x i+1 , −x i + y i,i+1 + x i+1 } (i = 1, 2) -it is simply a tetrahedron. We can construct three (isomorphic) polytopes in P 4 by adding, in turn, one of the x i as a further vertex: 9 It is a representative of the wavefunction of the universe because the latter coincide with the coefficient of our canonical form (4.1), where the residue is the flat space scattering amplitude. Furthermore, in (4.1) a specific realisation of the flat-space scattering amplitude appears, i.e. its form depends on a specific way of solving the energy conservation condition (the variable x has been integrated out).
It is again a simplex with canonical form given respectively by
,
with the polytope generated by adding the x 2 vertex can be seen, as discussed earlier, as generated by intersecting two triangles at the intersectable vertex and with canonical form Ω 2 which his the n e = 2 case of (4.1). Actually, all the polytopes constructed by adding a vertex x k at the scattering facet, can be generated via triangles with a common vertex x k and the other vertices
Finally, given a full-fledge cosmological polytope generated by intersecting n e triangles in some of their midpoints, one can explore its triangulations using internal points. There are special point that one can consider, which are precisely the midpoints of the generating triangles. Let us consider the triangulation of the cosmological polytope including one of such a point. Among all the possible triangulations, there is at least one such that all the simplices has this extra vertex and one of the simplices is a polytope of the type we have been discussing so far, whose canonical form provides a representative of the wavefunction of the universe in a neighbourhood of the total energy conservation. In other words, any polytope obtained by the adding a vertex x k to the scattering facet is a simplex belonging to a triangulation of a certain cosmological polytope.
Reconstructing the wavefunction
The analysis of the cosmological polytope facets allowed us to understand the residue of any pole of the wavefunction of the universe in terms of scattering processes: the canonical form of each of the facet can be nicely written in a Lorentz invariant way. In particular, there is a subset of facets that is isomorphic to the scattering facets. We also learnt that the wavefunction enjoys a group of discrete symmetries in energy space, which, from the cosmological polytope perspective corresponds to the group of combinatorial automorphisms.
We would now like to turn the table around and ask: if we were given the flat-space scattering amplitude, can we reconstruct the wavefunction of the universe? Or how much information can we extract about this cosmological observable? Which is the minimal set of information that we need?
Let us assume that, together with a tree-level (contribution to the) scattering amplitude A G , corresponding to a certain graph G, we are provided with the information that the object we want to construct has to be invariant under the exchange x i ←→ y i of the energies related to the most outer edges e i of G:
where x ve are the energies at the most outer vertices v e and x v I = v∈R I xv = − v∈L I xv, R I (L I ) being the set of vertices on the right (left) of the edge e I . Notice that A depends on all but one x v 's because of the energy conservation condition v x v = 0: when the Lorentz invariant propagators are expressed in terms of the energies x v and y e , each of them can acquire different forms depending on which x v is integrated out. Given a representation, such as (4.4), for an amplitude A G , we can construct a representative of the wavefunction of the universe in a neighbourhood of the energy conservation sheet:
This is a quantity defined out of the energy conservation sheet, on which it has a pole whose residue is the scattering amplitude. It is a representative of the wavefunction of the universe Ψ G related to the graph G because the latter has to acquire the form A G / v∈V x v as v∈V x v −→ 0. We can construct the representative (4.5) out of any of the possible representations of A G : while the latter are all equivalent to each other, the various Ψ A G we can define are not, except on the energy conservation sheet.
Already now, we can associate a polytopeP A G to Ψ A G : in the projective space P nv+ne−1 defined by the hyperplane at infinity Y = ({x v }, {y e }) of the energies, it is the convex hull of vectors
corresponds to a linear propagator in (4.5) for any i -i.e. each vertex correspond to a pole of the wavefunction of the universe. The wavefunction of the universe is then the volume ofP A G . Notice that, except for the total energy pole, there are two poles for each edge of the graph G: the polytopeP A G has 2n e + 1 vertices. Given that for any three graphs the number of vertices is n v = n e + 1, thenP A G has n e + n v vertices in P nv+ne−1 and, hence, it is a simplex. As usual, given a polytope, it is possible to define its dual by mapping its codimension-k boundaries into codimension-(N − k + 1) ones (N ≡ n v + n e − 1). In the case of the polytopeP A G we are concerned with, its dual P A G is the convex hull defined by the vertices { xv, {x ve i + y e i − x v e i , −x ve i + y e i + x v e i } ne i=1 }, and its canonical form Ω(Y, P A G ) is related to the volume ofP A G -this is nothing but the polytope (4.2) constructed from the scattering facet of a cosmological polytope by adding an extra vertex.
Secondly, let us consider again the scattering amplitude A G : it is mapped onto itself, up to an overall sign, by a class of discrete transformations in energy space. A subset of these transformations are symmetries of A G and it is inherited by the wavefunction representative Ψ A G : such a subset constitutes the group of combinatorial automorphisms of P A G . Let us focus on such transformations modulo the group of combinatorial automorphisms of P A G . In energy space, these are all those transformations exchanging y e and x ve related to the same edge e. More precisely, given the specific representation of the scattering amplitude A G , they are given by all the exchanges y I ←→ x v I related to each internal edge e I as well as those exchanges y e ←→ x ve related to the most outer edges, such that no energy x ve is included into the sum x v I . Importantly these two sets of transformations commute among each other.
A comment is now in order. The energy exchanges on the outer edges are symmetries of the wavefunction of the universe. This is a piece of information that we have assumed to be given, together with the flat-space scattering amplitude. Furthermore, if on one side the amplitude can be written in different representations because of energy conservation, the wavefunction representative takes a given representation of the amplitude out of the energy conservation sheet so that, at a generic point in energy space, the wavefunction representatives Ψ A G and Ψ A G defined as in (4.5) but using two different representations A G and A G for the flat-space amplitude are not equivalent. However, the final object we would like to construct should not know about the specific representation chosen for the amplitude -i.e. how the energy conservation is implemented before taking the flat-space amplitude out of the energy conservation sheet and defining Ψ A G . This can be achieved by constructing first an object which is invariant under the exchanges y I ←→ x v I related to each internal edge e I .
An objectΨ A G which enjoys such transformations as symmetries is then given by the sum of the wavefunction representative Ψ A G with its images under each of these transformations and their inequivalent compositions:
where τ is the set of transformations, including their inequivalent compositions as well as the identity, and Im t {Ψ A G } is the image of Ψ A G under the transformation t ∈ τ . Interestingly, given that each of these transformations map the scattering amplitude into itself (up to a sign), each term in (4.6) which is not Ψ A G , differs with respect to Ψ A G itself by the extra denominator, which now is no longer the total energy but a sum of x's and y's, e.g.
with multiple y's appearing in (4.7) as a consequence of the composition of such transformations. Each of these transformations is related to a certain internal edge of the graph G. Let n e be the number of such transformations. Then,Ψ A G has 2ñ e terms. Each of the terms in (4.6) has a polytope interpretation: given the polytope P A G , each of these transformations maps a vertex of P A G into its mirror with respect to a (fixed) codimension-1 hyperplane identified by all the other vertices and, thus, each image of P A G is a new simplex in P ne+nv−1 with Im t Ψ A G being the coefficient of its canonical form. Importantly, these maps leave the vertex xv invariant.
Finally, we would like to have an object which is invariant under the exchange y e ←→ x ve , for all the most outer edges e, which are the symmetries we ascribe to the wavefunction of the universe. It can be constructed as a sum of images ofΨ A G under these transformations, including the identity:Ψ
where σ is the set of discrete transformations y e ←→ x ve related to the most outer edges of the graph G. 
where now the sum x v I does not involve x ve , and E int ∪ E int = E int : A G factorises into (minus) the product of a two vertex amplitude A e and an n v − 1 vertex one A G\{e} . The images under compositions of n σ such transformations have still the same linear propagator y e I + v∈V\{v I } x v times a product of n σ + 1 lower vertex amplitudes. From a polytope perspective, these transformations on P A G takes a codimension-1 hyperplane identified by all but one of its vertices, and maps the remaining one into its mirror with respect such an hyperplane. Thus, given that the original polytope P A G is a simplex in P ne+nv−1 , all its images under these reflections (and their compositions) are still simplices. The sum of all these simplices is another polytopeP G with canonical form Ω(P G ) = v,e dx v dy eΨA G (x, y). We now need to prove thatΨ A G is actually the wavefunction of the universe Ψ G related to the graph G, or equivalently, thatP G is the actual cosmological polytope P G related to the graph G.
Let us start with the polytope P A G in P ne+nv−1 , whose canonical form is given by Ω(P A G ; x, y) = Ψ A G (x, y) v,e dx v dy e . It is defined as the convex hull of the vertices {xv, {x i + y e i − x i , −x i + y e i + x i } ne i=1 }. In P A G in P ne+nv−1 , the discrete transformations we have been studied, can be viewed as morphisms on P A G and can be realised as a matrix action of the form 1 . . . 0  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . −1 1 . . . 0 . . . 0  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 . . . 0  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  e1  0  1 . . . 0 . . . 1  0 . . . 0 . . . 0  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
where T e and T I are the transformation related to an outer edge e and an internal one I 10 respectively. When applied to P A G , each of these transformations keep all the vertices fixed but one: − x e + y e + x e −→ x e − y e + x e , (4.12) so that T e P A G = P A G . Notice that the new vertex (4.12) belongs exactly to the class of vertices which characterise the cosmological polytope P G but which are absent inP A G . These transformations get applied to all edges so that the vertices of type (4.12) are generated for all edges: beingP G a sum of all the T e/I (P A G ) and their composition, it has in principle all the same vertices as P G , plus x v , which is common to all the T e/I (P A G )'s. However, xv is the midpoint of {xv − y e + x v , xv + y e − x v , }, both of which are vertices ofP G (and P G ).
We now need to show that the sum constitutingP A G is a triangulation of P A G through the internal point xv.
Let us consider all the facets of each summand ofP G corresponding to the hyperplanes Wv I =xvXv I + . . .. First, notice that these hyperplanes identifies some of the facets of the cosmological polytope P G . Given one of such hyperplane it can identify a facet for a subset (with dimension greater than one) of such polytopes (see Figure 2) .
As argued earlier, the action of each of the morphisms T generates a new vertex at a time which are also vertices of P G and thus, the vertices of any polytope generated in this way are a subset of the vertices of P G , plus an extra vertex. For any these polytopes, the boundary identified by the hyperplane Wv I =xvXv I + . . . does not contain such an extra vertex. Let us now take the facet of the cosmological polytope P G identified by one of such hyperplane, and consider its canonical form in its contour integral representation. Let us perform the integration in such a way that the resulting triangulation is made out by simplices with two vertices for each edge, as we discussed in Section 3.1: such a triangulation is exactly the sum of the relevant facets of these polytopes 11 .
We can consider the cosmological polytope P A G and its triangulations through an additional point xv, taken to be one of the midpoints of the generating triangles: they can be analysed via the contour integral representation of its canonical form now defined including
x j + y 23 = 0 xv as a vertex as well
Let us take cv as one of the free variables. The fact that V (v) is an actual internal point of the polytope manifests itself in the location of the poles in the complex cv-plane, after 12 the delta functions localised n e + n v integrations and the contour integration over the other free variable have been performed: the pole at zero appearing in (4.13) is the only one appearing in the UHP, while all the others are in the LHP. Thus, closing the integration contour for cv in the UHP simply returns the triangulation given by the choice of the integration contours for the other variables, while closing it in the LHP returns triangulations through the point xv. Choosing the integration contour for the c j 's such that the hyperplanes picked have two vertices for each edge of the graph (as explained in Section 3.1), then the integration of cv in the LHP returns a triangulations whose simplices are exactly the ones generated from P A G via morphisms T (and their compositions): concretely, given a graph G, each of these simplices are given by a facet of the cosmological polytope P G related to a subgraph g ⊆ G containing the vertexv in G, and the vertex xv -which is exactly what the summands inP G are. Hence,
As a final comment, this way of generating the wavefunction of the universe is the inverse procedure of the recursion relation discussed proved in Section 2.4 of [6] : the wavefunction representative is nothing but the only term with the total energy pole that one obtains if the recursion relation is iterated until the graph reduces to sums of vertices, and our discrete transformations on it generates all the other terms. Our discussion is indeed valid a tree level only. What about the loop wavefunctions? We can generate them from the tree ones using the tree-loop map discussed in Section 2.1: more generally, it generates an (L + 1)-loop wavefunction from an L-loop one, which, from the geometrical perspective, it is as simple as a projection.
Conclusion
Our understanding of quantum mechanical observables in cosmology is quite primitive. Leaving on a side the unsolved long standing issue about how to define such quantities in an universe with accelerated expansion, and contenting ourselves with working in the approximation in which the universe becomes infinitely large at sufficiently late times, even in such an approximation and in perturbation theory we do not have a deep understanding of them. Drawing a parallel with the better known perturbative scattering amplitude in flat-space, in the case of the wavefunction of the universe we do not have a real understanding of its singularities, their physical meaning, and what are the properties that it ought to satisfy to come from a consistent cosmological evolution, e.g. whether there is a cosmological equivalent of the Cutkosky rules: at the end of the day, the wavefunction of the universe is a boundary observable -it just depends on the data at the time when we are performing the measurements -, while the time evolution is integrated out. One piece of information that we do have at our disposal is that the lack of invariance under time translation and, consequently, of energy conservation, reflects itself into the analytic structure of the wavefunction via the presence of a singularity in the total energy. However, when such a point is approached, the wavefunction returns the flat-space scattering amplitude.
The singularity structure of the wavefunction is beautifully encoded into the boundary structure of the cosmological polytope: its scattering facet describes the flat space scattering amplitude and allows us to observe the emergence of both Lorentz invariance and unitarity. In this paper we have analysed the physical content of the other facets of the cosmological polytope: surprisingly enough, a subset of these boundaries are isomorphic to the scattering facet, with their canonical forms encoding again the flat-space scattering amplitude itself or products of lower point scattering amplitudes. Furthermore, as far as the remaining facets are concerned, they admit a triangulation such that the canonical form of each of these simplices is a product of flat space processes. This is really striking given that there is no a priori reason to expect that all the residues of the wavefunction of the universe can be expressed in terms of flat-space scattering amplitudes, beyond the simple fact that, when the location of any of these poles is reached, a local energy conservation is restored and the wavefunction naively factorises into a flat-space amplitude and lower point wavefunction computed at that point.
Given that all the residues could be related to flat-space processes, we have asked ourselves whether (and to which extent) the knowledge of the flat-space scattering amplitudes could fix the cosmological wavefunction. Surprisingly enough, if one is given a flat-space scattering amplitude as well as a set of symmetries that the wavefunction is supposed to have, then the wavefunction can be determined. This seems to suggest that the flat-space physics can determine cosmological observables to a higher extent that one would have ever expected, and it is indeed true for the class of toy models the cosmological polytope describe. On the other hand, the cosmological polytope captures features which are universal and thus it becomes compelling to ask whether and how this can be a more general feature rather than a peculiarity of our toy models. There are indeed a few counter-examples that one can readily mention, e.g. Yang-Mills and gravity: in de Sitter space, the three-point wavefunction having all modes with the same helicities are non-trivial, while the flat-space counterpart is zero. This is a consequence of the fact that the de Sitter wavefunction has zero residue in the total energy pole. It is certainly unplausible to reconstruct a non-zero object starting from a vanishing one. However, we are still left with the general question that begs to be answered: how much of the structure of the wavefunction of the universe is fixed by the flat-space physics? Addressing such a question is left for future work, for which Yang-Mills theory seems the most suitable playground. More broadly, it would be interesting to extend this combinatorial and geometrical description beyond the class of toy models discussed so far.
Interestingly, in reconstructing the cosmological polytope from the simplex encoding a representative of the wavefunction itself in a neighbourhood of the total energy pole, we obtained a new class of triangulations, which decompose the canonical form of the cosmological polytope into a sum of Lorentz-like expressions times a linear pole. An interesting feature of these triangulations is that they go through a single internal point, which is one of the midpoints x i of the generating triangles. Such points, thus, acquire a new physical meaning -they are the ones allowing to make explicit the relation between the residues of the wavefunction of the universe and flat-space scattering processes. Actually, they will play a crucial role in extracting the cosmological correlators from the wavefunction [20] .
The cosmological polytope is showing to have an extremely rich structure, returning us also universal information -a good example is given by the scattering facet whose vertex structure provides a new (and simpler) picture for the cutting rules, valid in any quantum field theory [17] . However, the cosmological polytope allowed us so far to formulate graph by graph statements, while a complete understanding of the perturbative wavefunction of the universe demands for a picture which is capable to capture all the relevant graphs, in a similar fashion as the amplituhedron [21] for maximally supersymmetric Yang-Mills theory and the associahedra for bi-adjoint scalars [22] [23] [24] . This is indeed an open problem that we hope to solve in the near future. as left and right poles, respectively. The residue of a given pole is a function of two classes of combination of the x v 's and y e 's: It is either given by sums where x i and x j appear in the combination x i +x j only, or as sum and subtractions of x v 's and y e 's and they are independent on x i and x j . It is easy to show that, upon summation of all the (left or right pole) residues, the latter disappear: they are actually spurious poles. The reason is that the very same combination of x v 's and y e 's of the second type appears in two residues and when they are summed a numerator with a factor with this combination is produced. The result of this procedure is a function Ψ G (x, y) depending just on the sums of x v 's and y e 's, and with x i and x j appearing as x i + x j only: it is associated to a graph G having the same number of edges as G but one site less and obtained from the latter by merging two sites. Again, this map is completely generic and can be used to obtain tadpole graphs.
As an example, let us consider the three-site graph and the energy space deformation (x 1 , x 3 ) −→ (x 1 +ε, x 3 −ε) for the associated wavefunction Ψ(x, y). Then the one-parameter family of wavefunctions Ψ 3 (ε) shows two left and two right poles (see Fig. 3 ):
Performing the integration in the complex ε-space by choosing the contour along the imaginary axis we obtain:
where the first equality is obtained by closing the integration contour on the left (so that it reduces to two counter-clockwise circles around ε 1 and ε 2 ), and the second one by closing the contour on the right (and the pole encircled, now clock-wise, are ε 3 and ε 4 ). For definiteness, let us discuss take the first choice for the integration contour. The explicit expressions for the residues of the left poles are
.
The two residues have two common poles: one is the total energy pole, while the other one is x 2 + y 23 − y 12 . The latter is actually spurious and it disappears upon summation between the two terms: the result is the two term expressions returned by the OFPT for a one-loop two site graph, with the two sites have energyx 1 ≡ x 3 + x 1 andx 2 ≡ x 2 . Thus, this contour integration gives a representation for the one-loop two-site graph which makes use of spurious singularities. As a last comment, there is a sense in which this contour integration mapping L-loop graphs into (L+1)-loop ones can be thought of as a generalisation of the Feynman tree theorem in flat space [30, 31] . In the usual Feynman tree theorem, one performs the integration in the l 0 -plane, with the iε prescription splitting the poles into the lower-and upper-half plane and the choice of contour picks the positive or negative energy solutions. The l 0 -integrals are then localised on the relevant poles dictated by the iε prescription in the propagators, obtaining an integration over the Lorentz-invariant phase-space. Finally, these terms reorganise themselves into the forward limit of tree amplitudes. In the present case, we proceed (backwards) graph by graph: we introduce a one-parameter (ε) deformation of the energy space of an L-loop graph, with the poles in the ε-plane which are naturally split in the left-and right-half plane, i.e. along the real line. Integrating over ε along the imaginary axis, one can close the contour on either the left-and right-half ε-plane, picking again the negative/positive energy solutions. The result is the integrand associated to an (L + 1)-loop graph, which is nothing but an (L + 1)-loop integrand with the l 0 -integration performed [17] .
B The analytic structure of the wavefunction and the flat-space S-matrix
In Section 3 we discussed how the flat-space scattering amplitudes are encoded into the facets of the cosmological polytopes: those facets which are simplices encode the contribution of a given graph to the scattering amplitudes, while the facets with more vertices than a simplex can be triangulated in terms of objects whose canonical forms are products of lower point amplitudes. Given that the boundaries of the cosmological polytope are reached whenever we go to the location of a pole of the wavefunction of the universe, this is just the statement that the residues of all the poles of the wavefunction can be expressed in terms of the flat-space scattering amplitudes. More deeply, one can see Lorentz invariance emerging as one goes to any of the facets of the cosmological polytopes. This is a quite striking result can be also understood analytically.
The most direct direct interpretation of the residue of a generic pole x I + y I −→ 0 of the wavefunction is a factorisation into a lower point scattering amplitude and a product of lower point wavefunctions computed at a specific point in energy space: as any of the pole is reached, a local energy conservation is restored, generating a lower point scattering amplitude
ψ G
where the dashed red circle indicates the subgraph whose energy is conserved,
G is the residue of the wavefunction ψ G at the pole x I + y I . However, not all the residues of the wavefunction are independent, rather they are related via Cauchy theorem. Now, given a wavefunction Ψ G associated to a graph G
we can integrate with respect to any of the energies x i on the full Riemann sphere. Let us take x i to be the energy associated to one of the outer vertices of the graph. Then:
where P G is the set of poles involving nodes and edges of the subgraph G, x
1 indicates their location, and the last term is the residue of the pole identified by the single-vertex subgraph indicated -in the figure above, it is indicated by the dashed red circle on the other vertex of the graphs G J and G K . Hence, the residue of the highest codimension graph can be expressed as sum of the residues of the other poles (which depend on x 1 ). Now, among these poles, there is the total energy one, whose residue is the scattering amplitude associated to the graph. The other poles impose energy conservation on subgraphs and the related residue is again a factorisation between the amplitude related to such a subgraph, and the residue of the lower point wavefunction at a pole identified by a subgraph containing an outer vertex only, i.e. a residue of the same type of the one we are studying, but related to a lower point wavefunction. We can integrate this procedure until we get to reduce the residue of Ψ G at x 1 +y 12 = 0 into a sum of products of lower point amplitudes times the residue of the two-site wavefunction at the pole related to one of its vertices. Here we can use the Cauchy theorem once more 0 =
3)
The residue at the pole x 1 + y 12 = 0 is equal to (minus) the Lorentz-invariant propagator (y 2 12 − x 2 2 ) −1 , and thus the two-site wavefunction can be expressed just in terms of the flatspace scattering amplitude. Interestingly, using iteratively (B.2) and (B.3) on each residue, it is possible to express them just in terms of flat-space scattering amplitudes! Let us explicitly discuss the residues of the wavefunction poles in the concrete examples of the three-site tree-level graph and for one-loop graphs
B.1 The three-site graph
The three-site graph is the simplest non-trivial example that we can examine: It shows a pole, y 12 + x 2 + y 23 , which is a distinctive feature of the universe wavefunction: In the total energy conservation limit it disappears and thus it is absent in the flat-space scattering amplitude! This graph is the simplest example where physical information not reducible to the flat-space scattering amplitude could be found. Let us examine in detail the residues of the poles, starting with looking at a codimension-one subgraph As in the previous section, the dashed red ellipses identifies the pole whose residue we are taking, in this case x 1 + x 2 + y 23 = 0. The very right-hand-side in (B.5) is obtained via the identity (B.3). Thus, the residue at a codimension-one pole is given by (minus) the product of two two-site scattering amplitudes, one computed at the location of the codimension-one pole itself, while the other one is computed on the total energy pole! Notice that, in taking the residue of this pole, we can look at the wavefunction ψ 3 as a function of either x 1 or x 2 . In the latter case, the product of the two propagators in the very right-hand-side of (B.5) is actually the contribution to the scattering amplitude of the full three-site graph itself! Let us now consider the last class of poles of ψ 3 , which are related the subgraphs containing just one site. It is worth to have a separate discussion for the poles related to the external and internal sites. In the first case, we can use Cauchy theorem (B.2): with the two terms on the right-hand-side being the flat-space scattering amplitude for the three-site graph and a product of two-lower sites scattering amplitudes. Notice that the identity (B.6) is obtained by considering Ψ 3 as a function of x 1 . With (B.5) and (B.6) at hand, we are already in the position of writing Ψ 3 in terms of flat-space quantities:
where A n (x a 1 , . . . x a n−1 ) is simply the flat-space scattering amplitude related to the n-site graph, with x a 1 , . . . , x a n−1 being the n − 1 independent external energies, while the n-th one is determined by the energy conservation, and are explicitly given as This representation can be also obtained via the energy space deformation x 1 −→ x 1 + ζ and looking at ψ 3 as a function of ζ. Let us now examine the residue of the pole y 12 + x 2 + x 23 = 0, which potentially can contain a different class of physical information. It turns out that it is not the case, and also the residue of this pole can be interpreted in terms of flat-space scattering amplitudes. First, it is straightforward to see that it can be written as product of two Lorentz-like propagators: As in the previous case, it can be obtained via the energy space deformation x 2 −→ x 2 + ζ and looking at ψ 3 as a function of ζ, and it is the very same one returned by the recursion relation discussed in Section 2.5 of [6] .
B.2 Loop factorisation
The examples discussed so far concerns with tree-level wavefunctions only. A legitimate question is whether the wavefunction keeps being expressible in terms of the flat-space scattering amplitudes as any of its poles is approached. First, notice that the Cauchy theorem applied to the simplest possible loop graph -the tadpole -returns the following identity between its residues 0 = x + x (B.11) the first term on the right-hand-side being the flat-space integrand. Such an identity indeed allows for a representation of the tadpole wavefunction in terms of flat-space quantities only:
A quick comment on the flat-space expression A 1 (y) above is in order. Contrarily to the tree-level case, this flat-space quantity does not have the form of a Lorentz propagator. One might wonder about the sense for which the above expression has anything to do with the flat-space tadpole integrand. It is important to remark that the wavefunction, upon taking the total energy conservation limit, returns a representation for the loop integrand with the integration over the time-like component l 0 of the loop momentum l performed, living just 2y ≡ 2| − → l |. Such a factor, together with the differential d − → l , forms the Lorentz-invariant phase-space measure.
Going back to the singularity structure of the loop wavefunction, when any pole other than the total energy one is reached, the L-loop wavefunction factorises into lower-order flat-space amplitudes and lower-order wavefunctions computed at the location of the pole. As for the tree-level case, the identity (B.11) as well as the Cauchy theorem applied to the wavefunction in question allow to express its residues at any poles in terms of flat-space objects. Taking the three-site one-loop graph as an example, its residues are given by where, in each line, the loop factors on the right-hand-side are (residues of) wavefunctions at the point in energy space where the total energy of the circled subgraph is conserved, and are related to flat-space amplitudes using the Cauchy theorem (which the identity (B.11) is a manifestation for the simplest loop graph). The tree-level factors are, instead, flat-space amplitudes themselves. As far as the residues of the wavefunction related to the total energy of the single-node subgraph, they can be obtained in terms of the other ones (which we just got an interpretation in terms of flat-space quantities) via Cauchy theorem.
